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We consider a revenue-maximizing seller with m heterogeneous items and a single buyer whose valuation for
the items may exhibit both substitutes and complements. We show that the mechanism first proposed by
Babaioff et al. (2014) — the better of selling the items separately and bundling them together — guarantees
a O(d)-fraction of the optimal revenue, where d is a measure of the degree of complementarity. This is
the first (to our knowledge) approximately optimal mechanism for a buyer whose valuation exhibits any
kind of complementarity; it extends the work of Rubinstein and Weinberg (2015), who prove that the same
simple mechanism achieves a constant factor approximation when buyer valuations are subadditive (the most
general class of complement-free valuations).

Our proof is enabled by the recent duality framework developed in (Cai et al. 2016), which we use to
obtain a bound on the optimal revenue in the generalized setting. Our technical contributions are domain-
specific to handle the intricacies of settings with complements. One key modeling contribution is a tractable
notion of “degree of complementarity” that admits meaningful results and insights — we demonstrate that

previous definitions fall short in this regard.
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1. Introduction

Consider a revenue-maximizing seller with m > 1 items to sell to a single buyer. When
there is just a single item, and the buyer’s value is drawn from some distribution with
CDF F, seminal works of (Myerson 1981), and (Riley and Zeckhauser 1983) prove that the
optimal mechanism is to simply set whatever price maximizes p- (1 — F(p)). It is now well-
understood that beyond the single-item setting, the optimal mechanism suffers many unde-
sirable properties that make it impractical, including randomization, non-monotonicity
and others (Rochet and Chone 1998, Hart and Nisan 2013, Hart and Reny 2012, Briest
et al. 2015, Daskalakis et al. 2013, 2014, Thanassoulis 2004, Pavlov 2011). Following sem-
inal work of (Chawla et al. 2007), there is now a sizable body of research proving that the

simple mechanisms we see in practice are in fact approximately optimal in quite general
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settings, helping to explain their widespread use (Chawla et al. 2010, 2015, Kleinberg and
Weinberg 2014, Hart and Nisan 2017, Li and Yao 2013, Babaioff et al. 2014, Bateni et al.
2015, Rubinstein and Weinberg 2015, Yao 2015, Chawla and Miller 2016, Cai and Zhao
2017).

Still, prior work has largely been limited to additive or unit-demand buyers (a buyer’s
valuation is additive if v(S) =), qv({i}); it is unit-demand if v(S) = max;es{v({i})}).
Only recently have researchers begun tackling more complex valuation functions (Rubin-
stein and Weinberg 2015, Chawla and Miller 2016, Cai and Zhao 2017). Even these works
have remained restricted to subclasses of subadditive valuations, also called complement-
free (a valuation is subadditive if v(SUT) <wv(S)+v(T) for all S,T"). While subadditive
valuations are quite general, they can only capture interaction between items as substi-
tutes. For example, if the items are pieces of furniture, a buyer’s marginal value for a chair
might decrease as her living space gets more crowded by other items. To date, no results in
this line of work have modeled interactions between items as complements. For example,
a buyer’s value for a kitchen table might instead increase if she already has a chair. The
goal of this paper is to study simple and approximately optimal mechanisms in domains

where buyer valuations exhibit both substitutes and complements.

1.1. Running Examples

We now present two running examples which will help motivate and exposit our model.
Example 1: Consider a college that sells courses (indexed by [m]={1,2,...,m}) ‘ala
carte’, i.e., courses are items for sale. The college also specifies diplomas it awards (indexed
by [k]), and for each diploma j it specifies a set of courses S; that a student must pass
in order to receive j. Students may purchase courses as they like, but in order to receive
a diploma, they must complete the set of courses required by that diploma. Denote by v;
the value of diploma j. The value of a student for a set of courses C' is the total value of
diplomas it covers, i.e. }_ . s,cc Ui The items (courses) exhibit complementarities because
value is derived from diplomas containing multiple courses. At the same time, certain sets

of courses may conflict, require prerequisites, or impose too much coursework. Therefore,
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the items also behave as substitutes (e.g., a student cannot successfully take two conflicting
courses).

Example 2: Consider a recruiter who matches professionals to firms. The recruiter
focuses on identifying and matching certain skills indexed by [m] (say: software developer,
algorithms developer, data scientist, computer vision expert, QA, etc.) to high-tech firms. A
firm may be interested in maintaining a set of projects indexed by [k], and each project j €
[k] requires a set S; of professionals to maintain. If v; denotes the profit the firm will enjoy
by completing project j, then the value of a firm for a set of experts C' is the total value
of projects they can cover, i.e. Zj:SngUj‘ As in Example 1, the items (experts) exhibit
complementarities because value is derived from projects requiring multiple experts. Also
as in Example 1, the items behave as substitutes — firms typically have limited hiring
budget and/or physical space, and cannot derive utility from recommended experts beyond
this cap.

In both examples, observe that complementarities arise in a similar manner: each indi-
vidual item is a building block for an object which provides value. Substitutability arises
in a similar manner as well: certain subsets of items may conflict and be infeasible to
simultaneously utilize. Since we view one of our main contributions as the formalization
of an improved degree-of-complementarity notion, we dedicate the subsequent subsection

to introducing this (and related) concepts.

1.2. How to Measure the Degree of Complementarity

Even for the traditionally simpler domain of welfare maximization, mechanisms for buyers
with complements have only recently emerged (Abraham et al. 2012, Feige et al. 2015,
Feldman et al. 2015, 2016). The main difficulty is that strong lower bounds are known
for general valuations (Nisan and Segal 2006, Lehmann et al. 2002), so the precise degree
to which buyer valuations exhibit substitutes or complements must be explicitly mod-
eled in order to achieve tractability. Interestingly, strong positive results are possible in
the complete absence of complements and no restriction on the degree of substitutabil-

ity (Dobzinski et al. 2010, Dobzinski 2007, Feige 2009, Feldman et al. 2013, Devanur et al.
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2015), but not vice versa: many strong lower bounds still exist in the absence of substi-
tutes but with arbitrary complementarity (Lehmann et al. 2002, Abraham et al. 2012,
Morgenstern 2015, Feldman et al. 2016).

While arbitrary substitutability may apply in quite general settings, valuations with
arbitrary complements often misrepresent the settings at hand. In settings that involve
complements (e.g. shoes, airport arrival and departure slots, radio spectrum allocation,
labor markets with heterogeneous skills), it is rarely the case that all elements comple-
ment one another. Interestingly, the right definition of “degree of complementarity” differs
between environments. The goal is thus to define valuation classes that allow reasoning
about complements in a meaningful and sufficiently general way.

Building block: The PH model. Our proposed model of complementarity begins with
the previously-studied PH model. A Positive Hypergraph (PH) valuation v(-) is such that
there exists another set function w(-) so that v(S) =3, sw(T'), and w(T) >0 for all 7.
Note that such valuations exhibit complementarities, but not substitutes. A PH valuation
has PH degree d if for all |T| > d, w(T) =0. Le., a valuation incorporates more comple-
mentarity behavior if larger sets of items have synergy. A prominent example for such a
source of complementarity is the FCC spectrum auctions, where purchasing licenses for
the same band of spectrum in adjacent geographical regions increases the overall value
of the purchase. Each region can be associated with an element, and each subset of geo-
graphically adjacent regions 7' may be associated with w(T'), the complementary benefit
from owning the band at exactly the region set 7T'. In (Abraham et al. 2012), the authors
provided algorithms and mechanisms for social welfare maximization with guarantees that
degrade gracefully with d. It is worth noting that even for PH valuations of degree 2, it
may be that every pair of items are complements. Note that in both Examples 1 and 2,
the valuation function of the buyer is a PH valuation defined by w(S;) =wv; for all j, and
w(T') = 0 otherwise. Therefore, the PH degree of complementarity would be max; |.S;|.

Shortcomings of the PH model (and alternatives). In the PH model, the number of items
plays a crucial role in the degree of complementarity. For example, a buyer that is interested
only in the grand bundle of all items (and no proper subset) has the highest degree of

complementarity (in the context of Example 1, consider a college that sells many courses
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but certifies only a single diploma — both previous measures label the corresponding
valuation function with the highest possible degree of complementarity of m). However
when selling to such a buyer, one can treat the grand bundle as a single item, and thus no
complementarity issues arise (so the “intrinsic” degree of complementarity is low). That
is, previous measures of complementarity deem this setting the most complex, whereas
from a revenue-maximizing perspective it is actually the least complex. This observation
suggests that a different perspective on complementarity is needed for revenue-maximizing
auction design.

This same issue arises in another recent degree of complementarity definition — the super-
modular degree introduced by Feige and Izsak (2013). Two items j,j’ have a supermodular
relation if there exists a (possibly empty) set S C [m]\ {j,j'} such that v(SU{j,j'}) —
v(SU{j'}) >v(SU{j}) —v(9), i.e., S exposes the synergy between j and j'. A valuation
has supermodular degree d if each item j has at most d other items with a supermodular
relation.! In Examples 1 and 2, the supermodular degree is at least max; |\S;| — 1, but could
be larger depending on the structure in which the sets {S;}; intersect.

To further emphasize the relevance of a novel measure, consider the following two instan-
tiations of Example 2: (1) every pair of experts can complete a project unique to them, and
there is a single super-team of ten experts which can complete its own project; (2) every
set of ten experts can complete a project unique to them. In both settings, the PH degree
is ten, and the supermodular degree is m. Yet, setting (2) seems vastly more complex than

(1), and an ideal measure of complementarity should capture this.

1.3. Our Notion

As mentioned above, our notion begins with the PH model. The difference is in how we
measure the degree of complementarity. In the language of our examples, the set function
w(-) has w(S;) =v; for all projects/diplomas j, and w(7T") =0 for all T" which do not corre-
spond to a project/diploma. We define the degree of complementarity to be the maximum
! For example, when purchasing shoes each additional pair of shoes may have a marginally decreasing value,
but for any pair, the two shoes are worth more than the sum of values of each shoe by itself. For results

that consider the supermodular degree, see (Feige and Izsak 2013, Feldman and Izsak 2014, Izsak 2017,
Feldman and Izsak 2017).
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over all items of the number of projects/diplomas requiring that item. Note that one simple
comparison between the PH degree and our measure is that the PH degree of a hypergraph
is the maximum size of any hyperedge, while our measure is the maximum degree of any
node.

Revisiting the two objections previously raised, observe that when only the grand bundle
of all items provides non-zero value, our measure assigns this valuation a complementarity
degree of one, matching the intrinsic simplicity. When every pair of experts completes a
unique project (and there is one super-team of size ten), our measure assigns a comple-

mentarity degree of m. When every set of ten experts can complete a unique project, our

m—1

0 ) So our measure correctly identifies

measure assigns a complementarity degree of (
that the latter setting is significantly more complex. Notice further that our measure of
complementarity ranges from 1 to 2m~!, whereas previous measures range from 1 to m, so
our measure has the potential to provide a much more fine-grained evaluation.

There is one more aspect to our model of complements. Even for additive buyers,
multi-dimensional auctions are known to be intractable when values for items are corre-
lated (Briest et al. 2015, Hart and Nisan 2013). Specifically, there exists a distribution D
over R? such that when a single additive buyer’s valuation is drawn from D, the optimal
revenue for the seller is infinite, but the revenue of the best deterministic mechanism is
1. Therefore, while our model of complementarities so far is intrinsically motivated, it is
intractable without further effort. A representative approach to circumvent these impos-
sibilities for additive buyers is the independent items assumption: item values are drawn
independently.

With complementarities between items, there’s little sense in which we can have inde-
pendence across items, but a notion of independence still naturally folds into the model
in the following way: simply assume that the random variables {v;};c( are independent
(that is, the students’ values for various diplomas are independent random variables). This
is the natural extension of “independent items” assumed in all prior works on this topic.

To summarize in the language of our examples: we model complements among items
(courses/experts) via a set-valued function w(-), where w(S) is equal to the value derived

from a diploma requiring exactly the set S of courses (or a project requiring exactly the
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set S of experts), and a buyer’s valuation for a set 7' of items is } ;- gw(T). Over the
entire population of buyers, the values {w(T)}rcpn) are independent random variables. We
now proceed to describe how we model substitutes.

Substitutes. Consider a student planning their entire course selection. Naturally, con-
straints such as overlapping courses, geographic constraints, prerequisites, general demands
on time, etc., deem some sets of courses infeasible. One can model this with a set system
C C 2™ A set of courses S is in C if it is feasible to construct a schedule that contains all
courses in S (and S ¢ C denotes that the courses S violate some constraint and cannot be
a feasible schedule). Therefore, one could fold substitutes into the student’s valuation by
updating v(.S) to be maxgrcc srcs{d 5,C8" v;} (the maximum sum of values for all diplomas
that can be achieved using courses from a feasible §" C S).

Our model merges the two prevailing models of complements and substitutes: comple-
ments are captured via “diplomas” that require every course in a set, and substitutes are
captured by downwards-closed “feasibility constraints,” which preclude the student from
obtaining value from too many courses at once. So to fully recap: there is a function w :
207 5 R, which takes as input a set S and outputs the value derived from a course/project
which requires exactly the set S of items. There are also feasibility constraints C, where
S € C denotes that it is feasible to simultaneously utilize all items in S. The buyer’s value
v(S) for a set S of items is then maxsicssec{) rcgw(T)}. Among the entire popula-
tion of buyers, the values {w(T)}rcm) are drawn independently. Finally, we say that an
instance has degree of complementarity d if the maximum over all items of the number of
diplomas/courses requiring that item is d (formally, max; [{T, T'> j Aw(T) > 0}|).

We now expound a more concrete example demonstrating the complementarity aspect
(which does not have strict substitutes). This example also gives some intuition for the
“hard” examples, where simple mechanisms cannot provide good approximation guaran-
tees. Suppose that a random student in the population values diploma j at 2/*! with
probability 27U+ and 0 otherwise (independently for all diplomas). The expected total
value to students is then k, the total number of diplomas, and therefore k is a trivial upper
bound to the optimal revenue. Depending on the structure of the sets of courses required

for each diploma, it may further indeed be possible to extract revenue Q(k), even when
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k =22m) (if, for instance, for every set of size m /2 courses, there is a diploma that requires
exactly that set of courses; see Proposition 5 for a complete analysis).

In this example, pricing courses (of which there are m) achieves revenue at best O(m) <
k, and selling the grand bundle for a single price achieves revenue only O(1) (see Proposi-
tion 5 for analysis of both these claims). Therefore, the better of selling items separately
and selling the grand bundle, in this example, cannot achieve an approximation better

than O(%}) to the optimal revenue.

1.4. Main Result and Techniques.

Our main result (Theorem 2) is that the mechanism proposed by (Babaioff et al. 2014) —
the better of selling separately (post a price on each item, let the buyer purchase whatever
subset she likes) and bundling together (post a single price on the grand bundle, let the
buyer purchase or not) — achieves a tight ©(d) approximation whenever buyer valuations
exhibit complementarity of degree at most d (by our complementarity measure — the
maximum over all items of the number of diplomas/projects that require that item).

We show that our notion of complementarity best fits our model: If instead we mea-
sure complementarity via the “supermodular degree,” then there exist populations in our
model with supermodular degree d for which the better of selling separately and bundling
together achieves only a (2¢/d)-approximation. Similarly, if we instead measure comple-
mentarity via the “positive-hypergraph degree,” then there exist populations in our model
with positive-hypergraph degree d for which the better of selling separately and bundling
together achieves only a Q(3_,, (7)/m)-approximation. Both notions of degree are defined
formally in Section 6 where the lower bounds are proved. Our point is not that ©(d) is a
“better” bound than Q(2?/d) (this is arguably not a fair comparison, as the measures oper-
ate on different scales), but rather that “supermodular degree” and “positive-hypergraph
degree” are incapable of capturing the smooth transition from low to high degrees of com-
plementarities as they can only take on m different values but provide guarantees that
range from 1 to £2(2™). In comparison, our notion of degree of complementarity takes on
2m~1 different values, and provides guarantees that range from 1 to (2™), allowing for an

exponentially finer-grained tradeoff.
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Our Techniques. Our starting point is a duality-based upper bound on the optimal
achievable revenue coming from recent work of (Cai et al. 2016). Their upper bound decom-
poses into three parts, which they call SINGLE, CORE, and TAIL. So the goal is to
show that selling separately well-approximates SINGLE, and that bundling together well-
approximates CORE and TAIL. Fortunately, the analysis of (Cai et al. 2016) is fairly
robust, and we are able to prove that bundling together achieves a constant factor of both
CORE and TAIL via a similar approach. Our main technical contribution appears in
Section 4, where we prove that selling separately gets an O(d)-approximation to SINGLE.
Incidentally, bounding SINGLE happens to be the easiest part of the analysis in (Cai
et al. 2016) for additive valuations.

Without getting into details about what exactly this SINGLE term is, we can still high-
light the key challenge. In the context of our hard example (where the buyer’s value for
diploma j is 277! with probability 27771), we would like to post a different price on each
diploma/project. In this example, it is even the case that the optimal “diploma/project-
pricing scheme” obtains a constant-factor approximation to SINGLE. The catch is that
we sell courses (items), not diploma/projects. We may wish to set drastically different
prices on many different diploma/projects requiring the same course, and it’s unclear that
we can achieve the desired diploma/project prices by cleverly setting prices on the courses
separately (in fact, it could be impossible). So our main technical contribution is an algo-
rithm to find a subset of diploma/projects S for which it is possible to achieve any desired
diploma/project-pricing on S by only posting prices on courses, and the optimal revenue
from diploma/projects in S is a d-approximation to the optimal diploma/project-pricing
scheme. It turns out that the right sets of diploma/projects to search for are ones where
each diploma/project requires a course not required by any of the other diploma/projects.
We show that the number of collections with this property that is needed to partition
all diploma/projects tightly-characterizes the approximation guarantee of selling sepa-
rately, and that d such collections suffice whenever each course is required by at most d
diploma/projects.

Another interesting property of our analysis worth emphasizing is the following: if our

scheme chooses to sell separately, it does so by first selecting a subset of at most m
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diplomas/projects to target, and then selecting for each diploma/project a single required
item to price (and all others are offered for free). While perhaps initially counterintuitive,
such schemes are not uncommon in practice in the presence of complements. For example,
many iPhone apps (which could in principle be priced) are offered for free upon purchase
of an iPhone. In the context of our examples, such a scheme may involve the university
offering introductory classes for free, and charging only for the final course completing the
diploma. In the case of a recruiter, they may charge a price to recruit a true specialist (e.g.

the “computer vision expert”), but offer to recruit less-specialized experts for free.

1.5. Further Related Work

Multi-Dimensional Auction Design. A rapidly growing body of recent literature has
shown that simple mechanisms are approximately optimal in quite general settings (Chawla
et al. 2007, 2010, 2015, Kleinberg and Weinberg 2014, Hart and Nisan 2017, Li and Yao
2013, Babaioff et al. 2014, Yao 2015, Rubinstein and Weinberg 2015, Bateni et al. 2015,
Chawla and Miller 2016, Cai and Zhao 2017). Of these, the result most related to ours
is (Rubinstein and Weinberg 2015), which proves that the better of selling separately
and bundling together achieves a constant-factor approximation for a single buyer whose
valuation is drawn from a population that is “subadditive with independent items” (note
that their approximation guarantees in this model are improved by (Chawla and Miller
2016, Cai and Zhao 2017)). Their model is similar to our model with d =1 (but neither
subsumes the other), so our results can best be interpreted as an extension of theirs to
buyers whose valuations also exhibit complementarity.

In terms of techniques, our work makes use of a recent duality framework developed
in (Cai et al. 2016). The same duality framework has been used in concurrent work by
the present authors to prove multi-dimensional “Bulow-Klemperer” results (Eden et al.
2017), and independent work by others to design simple, approximately optimal auctions
for multiple subadditive bidders (Cai and Zhao 2017). Still, the duality theory is only
used to provide an upper bound on the revenue in all these cases, and the remaining
technical contributions are disjoint. In particular, for the present paper, Section 3 has a
high technical overlap with these works, and Section 5 bears some similarity. But our main

technical contribution lies in Section 4, which is unique to the problem at hand.
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Agents with Complements. In recent years there has also been a rapid growth in the
design of algorithms and mechanisms in the presence of complements (Abraham et al.
2012, Feige and Izsak 2013, Feldman and Izsak 2014, 2017, Feige et al. 2015, Feldman et al.
2015, 2016, Nguyen et al. 2016). These works consider many different aspects: for example,
assuming strategic behavior of agents (or not), assuming the existence of strict substitutes
(or not), or focusing on simple mechanisms and quantifying the efficiency of equilibria. In
all these works, some notion of degree of complementarity is cast on a class of valuation
functions, and the approximation ratio guaranteed grows as a function of complementarity
degree. It is noteworthy that quite often different settings motivate different degrees of
complementarity to best capture the degradation in possible guarantees. For instance,
(Abraham et al. 2012) uses the positive hypergraph (PH) degree, (Feige and Izsak 2013)
uses the supermodular degree, (Feige et al. 2015, Feldman et al. 2015) use the maximum
over PH degree, and (Feldman et al. 2016) uses the positive supermodular degree. Although
both (Abraham et al. 2012) and this paper use a positive hypergraph to describe an
agent’s valuations, our degree of complementarity is different than theirs. While they set
the degree of complementarity as the maximum size of a hyperedge in the hypergraph (the
number of items in the largest hyperedge), our degree of complementarity is the maximum
degree of an item (the number of hyperedges that contain an item). Moreover, we allow
substitutability by introducing a downward-closed feasibility constraint over items, while
(Abraham et al. 2012) does not consider valuations that exhibit both complementarity and
substitutability. See Section 6 for details about the different notions of complementarity
used in previous works.

In comparison to the above literature, ours is the first to consider revenue maximization
for buyers with complements. Earlier work does indeed consider revenue maximization for
buyers with complements (Day and Milgrom 2008, Milgrom 2007, Levin 1997), but from a
fairly different perspective. For instance, (Milgrom 2007, Day and Milgrom 2008) consider
core-selecting auctions in a non-Bayesian setting. (Levin 1997) considers single-parameter
valuations in a Bayesian setting, and explicitly notes the challenges in extending to multi-
parameter settings. Additionally, there has also already been follow-up work following an

initial announcement (one-page abstract) of portions of this work in EC 2019: (Cai et al.



Eden, Feldman, Friedler, Talgam-Cohen and Weinberg: Mechanism for a Buyer with Complements
Article submitted to Operations Research; manuscript no. OPRE-2018-05-304 13

2018) study revenue maximization in a Bayesian multi-parameter setting for a model of
“proportional” complements. Their model is more general than ours in some ways, and

more restrictive in others. We expect further results along this line in the future.

1.6. Discussion and Future Work

We present the first simple and approximately optimal mechanism for a buyer whose
valuation exhibits both substitutes and complements. We show that for a natural notion of
“degree of complementarity,” the better of selling separately and selling together achieves
a tight ©(d)-approximation to the optimal revenue. We provide rigorous evidence that this
notion best fits our model via large lower bounds for classes of valuations that previous
definitions would “award” a low degree of complementarity.

Our main technical contribution is an algorithm to partition a collection of sets into
subcollections such that each set (in the subcollection) contains an item not contained
in the others (in that same subcollection). Due to the robustness of previously-developed
tools like the “core-tail” decomposition (Li and Yao 2013, Babaioff et al. 2014, Rubinstein
and Weinberg 2015, Yao 2015, Chawla and Miller 2016, Cai and Zhao 2017), and duality-
based benchmarks (Cai et al. 2016), we are able to focus our technical contributions to the
specific problem at hand.

One immediate direction for future work would be to see whether simple mechanisms
remain approximately optimal for multiple buyers with complementarity degree d. Doing
so would likely require at least one substantial innovation beyond the ideas in this paper, as
even the d =1 case remains open (even considering the recent breakthrough result of (Cai

and Zhao 2017)).

2. Preliminaries

We consider a setting in which a seller wishes to sell a set M of m items to a single buyer.
The buyer has a valuation function v that assigns a non-negative real number v(.S) to every
bundle of items S C M. The valuation is normalized (v(0)) = 0) and monotone (v(S) < v(T')
whenever S C T'). We slightly abuse notation and let v(X) = Esx [v(S)] when X is a

random set.
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2.1. Valuations with Substitutes and Complements

Complements. An increasingly popular model to represent complementarities is via
a positive hypergraph representation: v(S) = >, gw(T), where w : 2M s Rt is a non-
negative weight function. Intuitively, w(7") denotes the bonus value that the buyer enjoys
from owning exactly the set of items 7' (in addition to the value the buyer already enjoys
for proper subsets of T'). In the language of Section 1, w(7T') denotes the buyer’s value
for the diploma which requires exactly the courses in 7. We sometimes refer to T as
a hyperedge, thinking of w(-) as a weight function on the hypergraph with nodes M.
We say that v (or w) exhibits complementarities of degree d if for every item i € M,
HSCM:ieS and w(S) >0} <d.

A simple example of a positive hypergraph representation is the following: Let v be an
additive valuation, then defining w({i}) =v({i}) and w(T') =0 for every |T| > 1 yields
0(8) = SpeqwlT)

Substitutes. An equally popular model to represent substitutes is via a set system cap-
turing combinatorial constraints: Let C C 2™ denote a downwards-closed set system over
the items M, then v assigns values to the sets in C, and for every other set S, v(S) =
maxrcsrec{v(T)}. Intuitively, if S ¢ C then at least some items in S are substitutes, and
the buyer does not derive value from all of S.

Many valuations that exhibit only substitutabilities are representable as “additive sub-
ject to constraints”, i.e., v(S) = maxrcs.rec{) ;e v({i})}. For example, unit-demand val-
uations can be represented with C ={T'C M : |T'| <1}. Constraints that require a student
to take at most five courses could be represented with C ={T'C M :|T| < 5}. Constraints
that require a student to take no more than 60 hours of coursework could be represented
with C={T'CM:} . h; <60}, where h; is the number of hours of coursework for class
j. Constraints that require a student not take overlapping classes could first build a graph
G with an edge between class ¢ and j if they overlap, and then define C to be all inde-
pendent sets of G. Enforcing multiple of the aforementioned constraints simultaneously is

simply a matter of taking the intersection of the defined Cs.



Eden, Feldman, Friedler, Talgam-Cohen and Weinberg: Mechanism for a Buyer with Complements
Article submitted to Operations Research; manuscript no. OPRE-2018-05-304 15

Complements and Substitutes. We choose to model substitutes and complementarities
together by combining the above two models. That is, there is a positive hypergraph repre-
sentation w that represents complementarities, combinatorial constraints C that represent
substitutabilities, and v(S) = maxrcsrec{d ycrw(U)}. We assume w.l.o.g. that w(T) =0
forall T ¢C.

2.2. Distributions of Valuations

We model our buyer valuation v(-) as being drawn from the population D in the follow-
ing way. There are some constraints C that are fixed (not randomly drawn). Each w(T)
is then drawn independently from some distribution D/ for every T € C, and v(S) =
maXTQS,TeC{ZUgTw(U)}-

We say that D has complementarity d if all valuations in the support of D have com-
plementarity d. Note that this implies D has complementarity d if and only if for every
item 1€ M,

HT 3i:Priw(T)=0] <1} <d.

We use V' to denote the support of D, f(v) to denote Pry.p[0 =], and fr(y) =Pr,. p [y =

Discrete vs. Continuous Distributions. Like (Cai et al. 2016), we only explicitly con-
sider distributions with finite support. Similar to their results, all of our results imme-
diately extend to continuous distributions as well via a standard discretization argu-
ment (Daskalakis and Weinberg 2012, Rubinstein and Weinberg 2015, Hartline and Lucier
2015, Hartline et al. 2011, Bei and Huang 2011). We refer the reader to (Cai et al. 2016)
for the formal statement and proof.

Theorem 1 assumes that for every single-dimensional random variable X and number
q €10,1], there exists a threshold p so that X > p with probability ezactly q, which might
a priori seem problematic for discrete distributions. Fortunately, standard “smoothing”
techniques allow this assumption to be valid for discrete distributions. A formal discussion

of this appears in Remark 2.4 of (Rubinstein and Weinberg 2015).
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2.3. Mechanisms

Truthful Mechanisms and Revenue Mazximization. Formally, a mechanism M has two
mappings X : V — A(2M), and p: V — R. X takes as input a valuation v and awards a
(potentially random) subset of items. p takes as input a valuation v and charges a price.
M is then truthful if for all v,0" € V, v(X(v)) — p(v) > v(X (v')) —p(v') (note that for a
single buyer, there is no need to distinguish between Bayesian Incentive Compatible and
Dominant Strategy Incentive Compatible — the definitions coincide). Alternatively, one
can view a mechanism as a menu that lists options of the form (X,p), where X € A(2M)
and p € R. A buyer with value v(-) then selects the menu option argmax{v(X) —p}. It is
easy to see the equivalence between the two representations: simply setting (X (v),p(v)) =
arg max{v(X) —p} takes one from the menu view to a truthful mechanism. We denote by
REV(D) the optimal revenue attainable by any truthful mechanism when buyer valuations
are drawn from the population D.

Simple Mechanisms. The two simple mechanisms we study are selling separately (SREV)
and bundling together (BREV). We denote by BREV(D) the optimal expected revenue
attainable by selling all items together, and drop the parameter D when it is clear from
context. It is well-known that BREV(D) = maxp - Pr{v(M) > p|] (Myerson 1981). SREV
requires some care, as it may be computationally intractable for a buyer to even decide,
given item prices, which set of items provides her the optimal utility. In such cases, it is
not clear which set of items a computationally-bounded buyer will purchase. Therefore,
counting on the buyer to compute an optimal buying strategy may be an undesirable
solution concept (from a computational perspective). In certain cases, however, one can
easily determine whether item ¢ will be purchased: for example, if every set that the buyer
is even willing to purchase contains item 7, then certainly the buyer will purchase (at least)
item 4. Therefore, if we only count item ¢ as sold whenever it is contained in every set that
the buyer is willing to purchase, we certainly never overestimate the revenue achieved by
any rational buyer. Put another way, our only assumption on the buyer’s behavior is that
whenever there exists a set yielding strictly positive utility, they choose to purchase a set
which yields strictly positive utility (not necessarily their utility-maximizing set) — our

revenue guarantees will hold for any buyer whose behavior satisfies this property.
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This is similar to the approach used by (Rubinstein and Weinberg 2015): we define
SREV" to be the optimal revenue attainable by any item pricing only counting an
item as sold if every set the buyer is willing to purchase contains that item. More for-
mally, for a given item pricing p, and valuation v, let [;(p,v) =1 if 35 3 i,v(S) —
> jespi>0and VS Fi,v(S) — > . gp; <0, and I;(p,v) =0 otherwise. Then SREV"(D) =
maxz Byep [22; Li(P;0) - pil.

2.4. The Copies Environment

In our bounds we shall make use of a related “copies environment”, also utilized in (Chawla
et al. 2007, 2010, 2015, Kleinberg and Weinberg 2014). For any product distribution D’ =
xk_ D!, we define the corresponding copies setting as follows: There is a single item for sale,
and k buyers. Buyer i’s value for the item is drawn from the distribution D). For instance,
in our model, the hypergraph representation of the valuation is drawn from D’ = x D%, so
we would have a buyer for every subset, with buyer S’s value drawn from the distribution
D,. We emphasize that in the copies setting there is a single item for sale, and a buyer
for every subset S. There are no longer any feasibility constraints on which items can be
simultaneously purchased: there is a single item which can be awarded to at most one
buyer (or no one).

We can then define the benchmark OPTCOpieS(D’ ) to be the expected revenue obtained
by the optimal mechanism of Myerson (Myerson 1981) on input D’. Note that this is equal
t0 Ewepr [maxr{@r(w(T)),0}], where @r(-) denotes Myerson’s ironed virtual value for the
distribution D’.. We make use of the following result, whose proof appears for completeness

in Appendix B:

THEOREM 1 (Chawla et al. (2010)). For any q <1, there exist (possibly random) prices
{pr}r such that:

1. Revenue is high: OPTCOpieS(D’) < éZTgM Ep, [pT ‘Pr,. py [z >pr]|.

2. Probability of sale is low: Y pc p Epy [PrmeD} [ sz]} <q

3. Moreover, each pr takes on at most two values. If D’ is regular, then pr is a point-

mass.
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3. Our Duality Benchmark and Main Theorem Statement

We extend the duality framework of (Cai et al. 2016) to our setting in a natural manner.
Full technical details are deferred to Appendix A. The only technical detail needed for
stating our revenue benchmark is the following: we partition the valuation space V into
2™ — 1 different regions, depending on which hyperedge is the most valuable to a buyer
with valuation v. Specifically, we say that v is in region R, if A = argmax;c,{w(T)},

with ties broken lexicographically.

COROLLARY 1. For valuation distribution D established by drawing a hypergraph repre-

sentation w < [ Ds and returning v(S) = maxrcsrec{d ycrw(U)},

REV(D)< E_ %‘23{{2 [v¢ Rrl} (NON-FAVORITE)
+E Zmax{o,sos< (9))}-1[v € Rs) (SINGLE)

We defer to Appendix A any discussion of how this benchmark is derived, but provide
here some intuition to help parse it. Corollary 1 upper bounds the revenue with two terms.
The second term, SINGLE, sums over all S a term that is zero whenever v ¢ Rg (that
is, S is not the buyer’s favorite diploma). When v € Rg (that is, S is the buyer’s favorite
diploma), it sums the Myersonian (ironed) virtual value for diploma S (as defined by
distribution D). The first term, NON-FAVORITE, is simply the buyer’s value for the
grand bundle of all items only counting contributions from diplomas that are not their
favorite.

In Section 4, we show that max{SREV",BREV} gets a 4(d + 1)-approximation to
SINGLE (Proposition 1). This portion of the analysis develops techniques specific to buyers
with restricted complements. In Section 5, we show that BREV gets a 12-approximation to
NON-FAVORITE (Proposition 4). This portion of the analysis will look somewhat stan-
dard to the reader familiar with (Cai et al. 2016), with a little extra work to extend their

main ideas to our setting. We conclude this section with our main theorem:

THEOREM 2. For a distribution D that has complementarity d, REV < (4d +
16) max{ BREV, SREV"}.



Eden, Feldman, Friedler, Talgam-Cohen and Weinberg: Mechanism for a Buyer with Complements
Article submitted to Operations Research; manuscript no. OPRE-2018-05-304 19

Proof. Combine Propositions 1 and 4 with Corollary 1, to get:
REV(D) <4dSREV*(D) 4+ 16BREV(D) < (4d 4+ 16) max{SREV",BREV}.
O

4. Bounding SINGLE

In this section, we show that the better of selling items separately and selling the grand

bundle gets an O(d) approximation to SINGLE. Specifically, we prove the following:

ProprosITION 1. SINGLE <4dSREV* +4BREV.

4.1. Relating SINGLE to OPTCOPi€s

We begin by relating SINGLE to OPTPIes,
OBSERVATION 3. SINGLE < QPTCOPIes

Proof. First, observe that there is exactly one S for which 1[v € Rg] =1. So it is certainly
the case that for all v (with v(S) =}, sw(T)), we have:

Z max{0, ps(w(S))} - 1[v € Rg] < gngaﬁ{O,@s(w(S))}.

SCM

=E,p | Y max{0,ps(w(S))} - Lfv € R

SCM

< B (0. 2o w(5))]

Above, the LHS is exactly SINGLE, and the RHS is exactly OPTOPIS [

Note that if the buyer’s valuation were additive, at this point we’d already be finished.
We could simply set the prices guaranteed by Theorem 1 and be done. As we consider
more complex buyer valuations, there are two barriers we must overcome. The first is due
to substitutability: if we try to set prices on each subset separately, just because the buyer
is willing to purchase set S doesn’t mean he will choose to purchase set S, because he
may purchase some substitutes instead. Note that this issue doesn’t arise in absence of
substitutes: if the buyer is willing to purchase S by itself, he is certainly willing to add S

to any other set of purchased items. The second barrier is due to complementarity: even
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once we decide the “correct” price to charge for set S, we can only set prices on items
and not on bundles. Therefore, the prices we want to set for different bundles necessarily
interfere with each other. This is the novel barrier unique to values with complementarity,

and is also the only part of the analysis where the (necessary) factor of d arises.

4.2. Overcoming the Complements and Substitutes Barriers

The first step to overcoming the complements barrier is to find a subset of bundles for
which we can still set the appropriate prices. As a warm-up, let’s see what the argument

would look like assuming that there were only complements and no substitutes (C = 2M):

LEMMA 1. Let C=2M and T\, ..., T} be subsets of M such that T; € U; ;T for alli. Then
for all {pr}rcrm, SREV =3, pr, Pro. pr [x > pr].

Proof. Set price pr, on the item contained in T; but not U, T; (if there are multiple, select
one arbitrarily). Then by hypothesis, the price the bidder would have to pay in order to
receive the entire set T} is exactly pr,. Because C = 2™, whenever w(T}) > pr,, the buyer
will choose to purchase the set T; in addition to whatever else they choose to purchase.
Therefore, the item contained in 7; but not U,.; T} is purchased with probability at least
Pr,. Dr, [z > pr,], and the revenue of this item pricing is at least >, pr, Pr,. D} [z > pr,].
o ;

The proof of Lemma 1 makes use of the assumption that C =2 in exactly one place:
to argue that whenever w(7;) > pr,, the buyer chooses to purchase the complete set T;.
When C # 2™, it may be the case that even though the buyer is willing to purchase set
T;, she chooses to purchase substitutes instead. We can remove this assumption on C by

restricting attention to certain price vectors.

LEMMA 2. Let C be any downwards closed set system and Ty, ..., T, be subsets of M such
that T; € U, 2, T; for alli. Then for all {pr}rcam such that pr > 4BREV for allT, SREV" >
Typr Prax—D’Ti [z > pr,].

Proof. Set price pr,/2 on the item contained in T; but not U;;T; (if there are multiple,

again select one arbitrarily). The price the bidder would have to pay in order to receive

the entire set T; is exactly pr, /2. Suppose w(T;) > pr,. Then, the buyer is not only willing
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to purchase T;, but also gets utility at least pr, /2 for doing so. The only reason she would
choose not to purchase this set is if there were some other set S with 7; Z S and v(S) >
pr,/2 > 2BREV. As v(S) <wv(M) —w(T;) for all such S, in order for such a set to exist,
it must be the case that v(M) — w(T;) > 2BREV. Clearly, this occurs with probability at
most %, as otherwise we could set price 2BREV on the grand bundle, sell with probability
strictly larger than ; and make revenue strictly larger than BREV. Moreover, v(M) —
w(Ti) =3 yp, w(U) is completely independent of w(7;). Therefore, even conditioned on

w(T;) > pr,, the probability that the bidder is interested in some other set S with T; Z S

is at most %, and therefore the buyer indeed chooses to purchase T; with probability at
least Pr,. p [z >pr,]- 1.0

Finally, wel can combine Lemma 2 with Theorem 1 to reduce our search to the problem
of partitioning the hyperedges into collections H, = {11, ..., Ty, } such that T,; € U; ., T,;

for all 7.

COROLLARY 2. Let C be any downwards closed set system, and let {H, }.cq be a partition
of the hyperedges {T : fr(0) <1} such that for all x, and all T € H,, T Z Upcp,\ryT".
Then 4kSREV* +4BREV > SINGLE.

Proof. Take ¢ =1 in Theorem 1 and let {pr}rca be the guaranteed (randomized) prices.
By Theorem 1 condition 3, there exist two deterministic prices pX > pk and probabilities
qr such that pr = p% with probability qr, and pr = p% with probability 1 — gr. Therefore,
Theorem 1 condition 1 can be rewritten as:
OPTPI®S < S~ gpll - Pr o> pl] +(1—qr)ph- Pr [z >pk]
TCM T
We can further rewrite this by breaking up the two sums into prices that exceed 4BREV,
and those that don’t, let B=4BREV for simplicity:

OPTCPS < 37 grpf - Pr [e>pf]+ > (L-ar)ph- Pr [v>pf]

TCMpH <B TCMpk<s T
" H L L
+ Y el fog/T e>pfl+ Y (l—gr)pp- xflr),T [z > pr]

TCM,pl>B TCM pk>B
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By condition 2 of Theorem 1, we have
> aqr- Pr fw>pf]+(1—qr) Pr [z>pf]<1
TCM T
Therefore, as all prices in the top sum above are at most B, the entire top two terms sum
to at most B=4BREV.

For the bottom two terms, there is no term for T if p¥ < B. If pif > B > pk, define pr =
pH . 1f pH > pL > B, then set pr to whichever of {p¥ pL} maximizes ps - Pr,p [z > pr].
Then ZTQAI,p¥>BpT . PrzeD;‘F [x > pr] is at least as large as the bottom two terms above.
Moreover, as all pr > B, we can apply Lemma 2 to conclude that for all T7,...,T}, such
that T; € U; ., T; for all ¢, SREV" >1/43", pr, PI‘I(_DITi [z > pr,].

Finally, as {H,}.cpr partitions the hyperedges so that for all z and T € H,, T ¢
UT’GHI\{T}le we get:

Z pr- Pr [:UZpT]:Z Z pr- Pr [z>pr] <4k-SREV®
T

TCM,pH>B =1 TeH, pH>B e Pr
The last inequality is due to Lemma 2, and completes the proof. [J
So the last remaining task is to find a good partition of hyperedges, such that within each
partition, every hyperedge contains at least one item not contained in the other hyperedges

in the same partition. We isolate this contribution in Section 4.3 below.

4.3. Partitioning Hyperedges with Restricted Complements

Partition-Edges
Input: List of hyperedges, F C
Output: A partition of E into {H,}, such that for all x and all T € H,, T €
Urrem\(m 1"
1. Eope <« E, i< 0.
2. While E... # 0:
(a) i+i+1
(b) E; < Ecunr-
(c) For each T'€ E; (in arbitrary order): If T C Uge g ¢y S Then E; = E; \ {T}.
(d) Ecurr — Ecurr \ Ez
3. Return the partition {£;} ;e

Figure 1 An edge partitioning process.

2M
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We provide a high-level description of our algorithm here, and give pseudocode in Figure 1.
Recall that the algorithm takes as input a set of hyperedges, and returns a partition of
the hyperedges {H,}., so that in each partition H,, every hyperedge S € H, contains an
item that is not in any other hyperedge T' € H,. The algorithm iteratively constructs each
H,, and initially initializes H, to contain all remaining hyperedges. Then, it iteratively
eliminates all “bad” hyperedges (those that don’t contain an item absent from the others)
until the remaining hyperedges have the desired property. In the proof of Theorem 4
below, it is easy to show that the algorithm outputs a feasible partition, and the trick is

guaranteeing that each iteration makes sufficient progress towards finalizing the partition.

THEOREM 4. For any set of hyperedges E C 2™ Algorithm 1 returns a partition of E =
{H,} e such that:

1. For all x, and all T € H,, T € Uprc,\qry1".

2. k<max,{{T'€e E:ieT}|}.

Proof. First, it is clear that the algorithm indeed properly outputs a partition of E: observe
that due to line 2d, when a hyperedge is permanently assigned to some FE;, it will not be
assigned to any FE;, which implies that all the F;’s are disjoint. Also, every hyperedge is
either permanently assigned to some E;, or remains in F.,.,, which, by line 2 implies that
the algorithm terminates only when every hyperedge is permanently assigned to some F;.
So every hyperedge is contained in some partition, and the partitions are disjoint.

That the output partition satisfies Property (1) is easy to verify: For any x, T' € H, only
the check in 2c passes for T" and (the present) H,. Once the check passes, some other edges
will be removed from H, before the output. Clearly, removing edge from H, cannot cause
T to all of a sudden be contained in Uzrcp,\ (1" when it was previously not contained.
So Property (1) is satisfied.

To prove Property (2), first denote by E!  the state of E.,,, at the start of iteration i.

urr

We will show that Urep,T'=Upep; T In other words, every element contained in some

hyperedge in E? _ is still contained in some hyperedge in E;. To see this, observe that

curr

when F; is first set to E?

curr?

we clearly have Urep, T'=Upeps T The only time hyperedges

are removed from FEj; is in step 2c. Note that in order for a hyperedge to be removed from
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E;, it must be the case that T'C Up/cg,\ ¢ 7". In other words, in order to remove 7" from
E;, it must be that all the elements contained in 7" are also contained in Ugp/cpg,\qry1".
Therefore, removing 7' does not change Upcp, 7", and when we terminate, we maintain
Ures, T =Upepgi T

To see why this implies Property (2), note that the above implies that if for any i,
{T € E,i € T}| =d, then i will be contained in at least one hyperedge in all of Fy,..., Ey,

and therefore no hyperedges containing 7 remain in E2t!. In particular, for d = max;{|{T €

curr *
E,i € T}|}, it’s the case that for all 4, no hyperedges containing 4 remain in E%4F! and
therefore the algorithm terminates with at most d partitions. [

We can now combine everything to provide a proof of Proposition 1:

Proof. [Proof of Proposition 1] Combining Theorem 4 with Corollary 2, we get that
whenever D has complementarity d, that 4dSREV" +4BREV > SINGLE, completing the

proof.

5. Bounding NON-FAVORITE

In this section, we bound NON-FAVORITE using similar ideas to those developed in (Cai
et al. 2016). Much of the process will look familiar to experts familiar with (Rubinstein
and Weinberg 2015, Cai et al. 2016), but there are a couple of new ideas sprinkled in. We
begin by breaking NON-FAVORITE into CORE + TAIL, as is by now standard (¢ will be

chosen later).

LEMMA 3. NON-FAVORITE is upper bounded by the following:

E %125({2 (T) <t]}| + (CORE)
E > w(S) 1[v¢ R (TAIL)
_S:w(S)>t

Proof. The proof follows from the following algebra:

(NON-FAVORITE) = E_|max{} w(T) - 1[v¢ Rrl}

Sec
v(—D TCs
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E_|max{)  w( (T)<t]-1[v¢ Ry] +w(T)-1[w(T)>t]-1[v¢ Rr]}
'U(—D SecC
TCS
<t
< E, [max() w(D)-1u(T) <)

maX{Z (T)>1t]-1[v¢ Rrl}

SecC
TCS

veD

max{ " w(T) - 1 [uw(T) < 1]}

sec
TCS

v(—D

+ E | Y w()-1lv¢Re]}

v<—D
T|w(T)>t

O

Bounding CORE. Our main approach to bound CORE is to apply the same concentra-
tion bound of Schechtman (Schechtman 2003) used in (Rubinstein and Weinberg 2015).
Essentially, we just have to show that our valuation functions are “subadditive over inde-
pendent items,” for the appropriate definition of “items” (which happens to be hyperedges).
It’s perhaps not obvious that our valuation functions are subadditive over independent
“items,” but indeed they are.

Let us first recall the definition of subadditive over independent items. In the definition
below, we intentionally write IV instead of M to denote the set of items, as the “items” in

the definition may be different than the items for sale.

DEFINITION 1. A distribution D over valuation functions v : 2% — R is subadditive over
independent items if the following conditions hold:

1. No externalities and independence across items: For every item i, let £2; be a compact
subset of a normed space (i.e., ©; = [0,1]). There exists a product distribution D’ over
X;en$Y (that is, D' =[],y D;), and a collection of deterministic functions Vs : X;cs€; — R
such that a sample v from D can be drawn by sampling # <— D’, and defining v(S) = Vs (Zs).

2. Monotonicity: Every v in the support of D is monotone, i.e., v(S) <v(S’) for every
SCS.

3. Subadditivity: Every v in the support of D is subadditive, i.e., v(SUS’) < v(S") +v(S'),
for all S,S’.
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DEFINITION 2. Let D denote a distribution over valuation functions, D’ denote the prod-
uct distribution, and {Vs(-)} be the deterministic functions that witness D as subadditive

over independent items. D is c-Lipschitz if for all Z, 1/, and sets of items S,T', we have:
Va(@s) = Va(ir)| S e- (IXUY| = XN Y|+ [{i € XNY i £ i}

We use the following lemma and corollary (of a concentration inequality due to Schecht-
man (Schechtman 2003)) from (Rubinstein and Weinberg 2015) (the bound in Corollary 3
is slightly improved from (Rubinstein and Weinberg 2015), so we include a proof):

LEMMA 4. (Rubinstein and Weinberg 2015) Let D be a distribution that is subadditive
over independent hyperedges, where for each hyperedge T, v({T}) € [0,¢| with probability
1. Then D 1is c-Lipschitz.

COROLLARY 3. (Rubinstein and Weinberg 2015) Suppose that D is a distribution that is
subadditive over independent hyperedges and c-Lipschitz. If a is the median of v(N), then

E[v(N)|<3a+c-(2+1/In2).

Proof. By corollary 12 in (Schechtman 2003), we know that for all £ > 0:
Pr[v(N)>3-a+k-c] <min{l,4-27%}. (1)

Substituting x = 3-a+k-c gets k = (x —3a)/c. Therefore, equation (1) becomes meaningful
only when 4-27% <1, i.e., when x > 2c¢+ 3a. Computing the expected value of v(N) gives:

/ Pr[v(N) > z]dx < / min{1,4-269"/}Ydy = 2¢ + 3a + 4 - 2%/ / 27/¢ . dg.
0 0 2-c+3a
. . 00 2c+3a
Computing the integral gives: —i% [2*””/6] set3a = 520 e =y 273e/¢ " which,

plugged back to the equation concludes that

C
N) <2 —
E[v(N)] < c+3a+ln2,

as desired. [J
Finally, we just need to relate CORE to a random variable that is subadditive over

independent items.
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LEMMA 5. CORE is the expectation of a random variable v oopp(N), where voorp(-)
is t-Lipschitz and subadditive over independent items N = 2M . Moreover, UCORE(N) 18
stochastically dominated by v(M).

Proof. Let the “items” N = 2M . Let the distributions Dy = D, - 1[w(T) < t] (that is, a ran-
dom variable drawn from Dy can be coupled with the random variable w(T) - 1[w(T) < t]).
Define constraints C' C 2V (=22"") so that a subset U of 2 is in C’ if and only if there exists
a set C € C with UpeyT C C. In other words, U € C’ if and only if the union of elements of
U is contained in some set in C. Finally, define Vi, (Zy) = maxy/cuvrec {D rey T}

It is easy to see that vooRE(-) has no externalities and independent items. It is also
easy to see that voQRrE(-) is monotone. Finally, we’ll prove that vooRg(+) is subadditive
by observing that C’ is downward-closed. To see this, simply observe that if U’ C U, and
UrepT C C, then clearly UpeysT C C. So if C € C witnesses that U € C’ and U’ C U, then
C' also witnesses that U’ € C'.

Now that C" is downward closed, it is easy to see (and well-known) that voRE is sub-
additive: For any U, W, let X = argmax y,cyuw xec' 12 rex Tr}- Then, let U'= X NU, and
W'=XNW. Clearly, > o o1 <Y ey T+ pey Tr- As C' is downward closed, U’ € C’
and W’ € C'". Therefore, vooRE(W) +vcOREWU) = X rer Tr + D rew T = D rex Tr =
vooRE(UUW), and vooRrE(-) is subadditive.

So finally, it remains to show that voRE(/NV) is stochastically dominated by v(M).
Couple the random variable z7 drawn from Dy so that zp = w(T) - 1[w(T) < t]. Now
consider U* = argmaxy;com reer{) ey rt- Then we have vorE(N) = X ey« o1 By
definition of C’, there exists some C € C such that T'C C for all T' € U*. Therefore:

UCORE(N) = Z zr < Z T

TeU* TCC

<> w(T) (because z7 < w(T))

TCC

< max {Z w(T)} (because C € C)

— SCM,SecC

=v(M).

So when 1 and w(T') are coupled in this way, we have vooRE (V) < v(M), and therefore
v(M) stochastically dominates voorg (V). O
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Now, Lemma 5 combined with Corollary 3 states that 3-v(M) exceeds CORE —¢- (2 +
1/1n2) with probability at least 1/2, allowing us to conclude with the following proposition:

PROPOSITION 2. CORE<6BREV+t-(2+1/In2).

Proof. Let a be the median of the random variable vooRE(N). Then Prlvcorg(N) >
a] = 1/2. As v(M) stochastically dominates vooRE(V), we have Prlv(M) > a] > 1/2.
Moreover, by Corollary 3, the fact that CORE = E[vcorp(V)], and that vooRrE is t-

lipschitz and subadditive over independent items, we have:

CORE <3a+t(2+1/In2).

Moreover, as Prlv(M) >a] > 1/2, we have:

BREV > a/2.

Combining the two above equations proves the proposition. [
Bounding TAIL. Our approach to bound TAIL is again similar to (Cai et al. 2016). We
begin by rewriting TAIL using linearity of expectation and the fact that the hypergraph

representation w of valuation v is drawn from D’ which is a product distribution:

TAIL= E > w@)-1v¢R]| = E > w(@)1ET,w(T) > w(T)]
v<D v
TCMw(T)>t TCM,w(T)>t
= Z E [w(T) -1[w(T)>tAv¢ Ryl (by linearity of expectation)
TCM v<—D
= Z Z x- fr(zx) -DPr 3T, w(T") > x] (by independence across hyperedges)
-T

TCM z>t, fr(x)>0
From here, we use essentially the same lemma from (Cai et al. 2016). We have replaced

their SREV with BREV, but the proof is identical.
LEMMA 6. (Cai et al. 2016) For all x,T, x - Pry.pr [3T",w(T") > z] < BREV.

Proof. For any x, we can set price z on the grand bundle. It will sell with probability at
least Pr,. p T[EIT "w(T") > x|, as whenever there is a single hyperedge with contribution
x, certainly the buyer’s value for the grand bundle is at least z. Therefore, BREV >
z-Pry.p 3T, w(T") >z]. O
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PROPOSITION 3. TAIL < (Y, Prlw(T) >t]) - BREV.

Proof. By Lemma 6, We get:

> x-fT(x)- Pr [3T, w(T') > z] <

wD’ T
TCM x>t,fp(z)> -

> fT(x)-BREV:

TCM x>t, fr(x)>

Z Pr[w -BREV.

TCM
O

Setting the Cutoff. Finally, we just need an appropriate choice of t. We’ll choose to set
t such that ;. Pr[w(T) >t] =k for the appropriate choice of k. We first show how to

relate t to BREV. Lemma 7 below is well-known, but we provide a proof for completeness.

LEMMA 7. Let Ey, ..., E} be independent events such that ), Pr[E;| = k. Then, Pr[U,E;] >
1—e*

Proof. By independence:
Pr(UB]=1-]]1-Pr[E]).
So if we define ¢; = Pr[E;], we want to maximize [ [, (1 —g¢;) subject to ), ¢; = k. Using a

Lagrangian multiplier of A on the constraint ), ¢; = k, we get a new objective of:

H(l—%)-i—)\'(zq@‘)_

We see that the partial with respect to ¢; of the above is exactly —H#i(l —q;j) + . So
setting ¢; = k/n for all 4, and A= (1 —k/n)""', we get that >, ¢; =k and the partial of
the Lagrangian with respect to g; is 0 for all 7. Therefore, this is the optimal solution. At
¢; =k/n for all i, we have [[.(1—k/n)=(1—k/n)" <e*. O

COROLLARY 4. Ift is such that Y.\, Prw(T) >t] =k, then BREV> (1 —e ")t

Proof. Apply Lemma 7 to the events Er = {w(T') > t}. Then the probability that there
exists some hyperedge T with w(T) >t is at least (1 —e"). So the grand bundle will sell

at price ¢t with probability at least (1 —e~*). O
We can now complete our bound for NON-FAVORITE, and the proof of Theorem 2.
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PROPOSITION 4. NON-FAVORITE <12BREV.

Proof. Combine Propositions 2 and 3 taking ¢ such that >, Pr{w(T) > t] =1.66. O

6. Lower bounds

The following proposition shows that the factor d approximation (established in Theo-
rem 2) is tight (up to a constant factor), even when there are no substitutes (C = 2),

O(), The same proposition shows that our d approximation is tight up to a

and d =m
logarithmic factor for all d. The construction below is based on a construction from Hart
and Nisan (2017) used to show that BREV may be a factor of m smaller than SREV for

additive buyers, which has also inspired similar constructions (e.g., Dughmi et al. (2014)).

PROPOSITION 5. For all k > 1, there exists a distribution D with complementarity d < (ZL),
for which
d
REV> % max{BREV,SREV}.

Proof. Consider an integer a, and a set of hyperedges F. Index the hyperedges with
integers in increasing order of size with {1+ a,2+a,...,|E|+a} (we abuse notation and
use e both for index and hyperedge, i.e., set of items). The product distribution D’ has
fe(0) =1 for all e ¢ E, and for every e € E, set f.(0) =1—27° and f.(2°) =27°. Let D
be the distribution that samples w <= D’ and returns v(S) = >, gw(T). We show that
REV(D) > |E|- (1 —27%), but SREV(D) <2m and BREV(D) <2.

First, consider the random variable v(M). We have v(M) < 31”I* 4(e). For any price

e=1+a

logp—1 9¢ —

p, in order to have v(M) > p, we must have w(e) > 0 for some e >logp, as > °/'

p— 2971 < p. Note that there is no reason to price below 27, But also, by union bound,
the probability that this occurs is at most ZeZIng 27 < 217leeP <9 /p. So for any price p
we could set on the grand bundle, it sells with probability at most 2/p, so BREV < 2.

Similarly, for any price p;, in order for the buyer to possibly be willing to purchase item
i, we must have ) _ w(e) > p;. Again, in order for this to happen, we must have w(e) >0
for some e > logp;, e >i. And again by union bound, the probability that this occurs is
at most 2/p;. So for any price p; we could set on item i, the probability that the buyer is
possibly willing to purchase item ¢ is at most 2/p;, so SREV < 2m.
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Consider however the following mechanism, which essentially sells the hyperedges in £
separately. The mechanism allows the buyer to purchase any set/hyperedge S she chooses,
and charges price 2. Note that because we indexed the hyperedges in increasing order of

n+a 276 —

size, the cheapest set that contains S is in fact S itself. By union bound (> .7},

27 — 27779 therefore its complement is at least 1 — 2%), the probability that v =0 is
at least 1 — 27, Therefore, whenever w(e) > 0, with probability at least 1 — 27, the
buyer will choose to purchase exactly the set e and pay 2°. So the revenue is at least
S22t (1-27) = |B| - (1-27%).

Finally, consider a d regular hypergraph (M, E) over m nodes with hyperedges of size
k (this necessitates d < (TIZ)) By definition, every node is contained in exactly d edges.
Therefore, if E is the set of hyperedges used to construct D, then D has complementarity
d, and |E|=dm/k. Taking a — oo completes the proof.

O

Furthermore, we argue that this parameter correctly characterizes the degree of comple-
mentarity in our setting. Specifically, in Proposition 6, we establish extremely high lower
bounds (as a function of the complementarity degree) on the approximation ratio that can
be obtained by max{BREV,SREV} for previous measures of complementarity from the
literature.

A valuation is positive hypergraph of degree at most k (PH-k) (Abraham et al. 2012)
if its hypergraph representation w has only non-negative hyperedges, and only positive
hyperedges S of size at most k. A valuation is positive supermodular of degree k (PS-k)
if in its hypergraph representation every item shares a positive hyperedge with at most k
other items (and all hyperedges are non-negative). The following proposition asserts the

lower bounds for the aforementioned hierarchies.

PRrROPOSITION 6. The following hold for distributions in our settings, where hyperedge val-
ues w(T') are independently drawn, and v(S) =3, gw(T).

1. There exists a distribution D with only PH-k wvaluations in the support,
for which REV > 5% ., (") max{BREV,SREV}. E.g., for PH-2, REV > Q(m) -
max{BREV,SREV}.
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2. There exists a distribution D with only PS-k wvaluations in the support, for which

REV> 22(k+1) max{BREV, SREV}.

Proof. To show 6.1, consider the distribution D given in the proof of Proposition 5, with
E being the set of all hyperedges of size at most k. To show 6.2, assume for simplicity
that m is divisible by k 4+ 1. Partition M to m/(k+ 1) sets My, Ms,... M, k+1), all of
size k+ 1, and let E be the set of all hyperedges S C M; for all i. Every item ¢ in M,
has neighbors only from M, therefore every valuation in the support is from PS-k. The
number of hyperedges is 5 - (25! —1). O

Proposition 6 also (trivially) holds for generalized hierarchies. A valuation v is maxi-
mum over PH (MPH) of degree at most k (Feige et al. 2015) if there exists a collection
L of such hyperedge weight functions, so that v(S) = maxer{d ;cgwe(T)}. A valuation
v is maximum over PS (MPS) of degree at most k& (Feldman et al. 2016) if there exists
a collection L of such hyperedge weight functions, so that v(S) =maxeer{} ;s we(T)}.
Since every PH-k (resp. PS-k) valuation is also trivially in MPH-k (resp. MPS-k), Propo-
sition 6.1 (resp. Proposition 6.2) also holds for such MPH-£ (resp. MPS-k valuations). In
addition, consider the supermodular degree (SM) (Feige and Izsak 2013), which is defined

as follows:

DEFINITION 3. (Feige and Izsak 2013) (SM) A valuation v is supermodular (SM) of degree
at most k if for each item i, the number of items ¢’ such that there exists a set Sy Z i
so that v(Sy Ui) —v(Sir) > v(Sy \ {i'}U{i}) —v(Sy \ {i'}) is at most k, i.e., i’s marginal

contribution to a set may increase by adding another item, to at most k different items.
It can be shown that PS-k C SM-k. Therefore, Proposition 6.1 carries over to SM-k.
Appendix

A. Background on the Duality Framework

We first recall the duality approach of (Cai et al. 2016):

DEFINITION 4. [Reworded from (Cai et al. 2016), Definitions 2 and 3] A mapping A :
V xV = R*T is flow-conserving if for all v e V: Y, Av,v') < f(v) + 2o AV, 0).2

* This is equivalent to stating that there exists a A(v, L) >0 such that A(v, L)+ Y, oy A(v,0") = f(v) +
> ey A(v',v), which might look more similar to the wording of Definition 2 in (Cai et al. 2016).
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The virtual transformation associated with A\, ®*, is a transformation from valuation func-
tions in V' to valuation functions in V'* (the closure of V' under linear combinations) and

satisfies:?

M (w)(-) =v(-) = f(lv) D AW, 0) (' () = ().

VeV
In the above definition, one should interpret A(-,-) as being potential Lagrangian mul-
tipliers for incentive constraints in a certain LP to find the revenue-optimal mechanism,
and think of f(v) flow going into each v from some super source, A(v,v’) flow going from v
to v’, and all excess flow (that enters v but doesn’t leave) as going from v to a super sink.
Note that whether or not a given A is flow-conserving depends on the population D. Cai
et al. show that Lagrangian multipliers that satisfy the above flow conservation constraint

yield upper bounds of the following form.

THEOREM 5. [Reworded from (Cai et al. 2016), Theorem 10] Let M be any truthful mech-
anism where a bidder with type v receives items X (v) and pays p(v). Then for all flow-
conserving A, the expected revenue of M is upper bounded by its expected virtual welfare

with respect to A. That is:

E )< E [#0)(X0)],

v<—D
As an immediate corollary, we can obtain the following upper bound on the revenue of
any truthful mechanism by observing that the bound in Theorem 5 is maximized when

X (v) is deterministically argmaxgc,,{®*(v)(S)}.

COROLLARY 5. For all D, and all flow-conserving A, we have:

REV(D)< E [max q)*(u)(S)].

v+D | SC2M

8 That is, ®*(v) is a (possibly negative) function from 2 to R, and satisfies ®*(v)(S) = v(S) —
ﬁ Yowey M, 0)(0'(S) —0v(S)). for all SC M.
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We begin this section by defining our flow-conserving A and the resulting ®*. Readers
familiar with (Cai et al. 2016) will recognize it as the natural generalization of their flow
to our setting, and we will make the language as similar as possible.

We will break V into 2™ — 1 different regions, depending on which hyperedge is the
most valuable to a buyer with value v. Specifically, we say that v is in region R, if
A = argmaxyc, {w(T)}, with ties broken lexicographically. Recall that D is established
by drawing w from the product distribution D’ and the returned valuation v satisfies

v(S) =maxrcsrec{d ycrw(U)}. Then consider the following flow:

DEFINITION 5 (FLOW FOR OUR BENCHMARK). If v € Ry, define w'(T) = w(T), for all
T # A, and define w'(4) = mingsy{z @ falz) > 0} Set A(v',v) = Pr, p [z >

Prm—D% [z>w’ (A)]

W' (A)] - [ppa fr (1)) = f(v) - —F 5@y — for the v'(-) such that o'(S) =
maxrcsreci) pycpw'(U)} for all S, and A(v”,v) =0 for all other v”.

PROPOSITION 7. The A(+,-) from Definition 5 is flow-conserving. Moreover, if v(-) is such
that v(S) = maxrcsrec{d ycrw(U)}, and v € Ra, then ®* satisfies the following:

®(0)(S) < max { Y w(U)}+max{0,pa(w(4))}

Proof. That A(-,-) is flow-conserving is clear: Every v € R4 has total incoming flow of
Pr.. p [z > w(A)]

f)- @)

(A1)

Prz(—D;‘ [z>w(A)]
o Jaw(A)
from other types in R4. Every v € R, also has outgoing flow either equal to 0 (if decreasing

where f(v) of this comes from the source, and the remaining f(v) - comes
the value of w(A) moves the resulting v’ out of R,), or exactly (Al) (otherwise). In either
case, the flow going out is at most the flow coming in.

Let us now compute ®*(v)(S). Plugging into Definition 4, we get:

(/(8) = () Precpy [0 2 w(A)]
Falw(A))

*(v)(S) =v(S) -
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Recall that v'(S) > v(S) for all S, and therefore ®*(v)(S) <v(S) for all S. Now there
are two cases to consider: In the first case, maybe maxrcsrec{d ycpypa w(U)}=0(5).
In other words, the set in C “chosen” by a consumer with valuation v doesn’t contain A.
In this case, we immediately get that ®*(v)(S) < v(S) = maxrcsrec{d yeryzaw(U)}, as
desired.

In the second case, maybe maxrcsrec{d_ycrpypa w(U)} <v(S). In other words, the set
in C “chosen” by a consumer with valuation v contains A. In this case, increasing w(A)
by any = > 0 increases v(S) by exactly x. Therefore, we have v'(S) =v(S)+w'(A) —w(A4),

and therefore:

ngw((l))) (4)) &> w(A)]
w'(A) —w(A PrIED:4 x>w(A
= {2 v} - Fa(w(A))

(w/(A) — w(A))Proc s, 2> w(A)]
<sid 2 WD e Falu(a)
=l S @)+ eawla)

(W (A)=w(A) Pr, gy o> w(A)]

The last line uses the definition @4(w(A4)) =w(A) —

Ta(w(A) , which
may seem unfamiliar to readers more familiar with virtual values for continuous distribu-
tions. Indeed, this is the right generalization of Myerson’s ¢(-) for continuous distributions
to the discrete setting, and we refer the interested reader to Section 4 of (Cai et al. 2016)
for more discussion. [J

Ironing. The astute reader will notice that when DY is irregular, the bound we probably
want above would replace w4 () with @4(+). (Cai et al. 2016) shows how to design a flow
that accomplishes this essentially by adding cycles to A between adjacent types to “iron
out” any non-monotonicities, but for their setting of additive buyers. The exact same
approach will work here. We omit a proof and refer the reader to (Cai et al. 2016) for more
detail. This allows us to prove Corollary 1.

Proof. [Proof of Corollary 1] Simply combine Corollary 5 and Proposition 7, after replac-
ing ¢(-) in Proposition 7 with ¢(-). O



Eden, Feldman, Friedler, Talgam-Cohen and Weinberg: Mechanism for a Buyer with Complements
36 Article submitted to Operations Research; manuscript no. OPRE-2018-05-304

B. Background on the Copies Environment

Recall that a random variable X is first-order stochastically dominated (FOSD) by random
variable Y if for every z, Pr[X > 2] <Pr[Y > z]. We remark that if X is FOSD by Y then
E[X]<E[Y].

Proof. [Proof of Theorem 1 (Chawla et al. 2010)] Let 1, be an independent indicator
random variable that equals 1 with probability ¢. Let {Xs}s be non-negative independent
random variables that are drawn from the independent distributions.

Consider a tie breaking rule among the sets, and let the event Xg = max7{Xr} be
true only when S also wins in the tie breaking rule. Set ¢gs = Pr[Xg=maxr{Xr}]. So
Y.sqs=1.set tgst. Pr{Xg>ts]=q-gs.

Let us see that the random variable 1, Xg - 1[Xg=max{Xr}]| is FOSD by Xg -
1[Xs>ts]

For every x > tg, it holds that Pr[l,- Xg-1[Xg¢=max{Xr}] > z] <¢Pr[Xg > z], while
Pr(Xs 1[Xgs>tg]|>a]=Pr[Xs>a].

For every x < tg, it holds that Pr[l,- Xs-1[Xs=max{Xr}] > ] < ¢-qs by definition
of g5, while Pr[Xs-1[Xg>ts] > 2] =Pr[Xs>ts] =q-qs by definition of t5. We get that:

E [mgX{XS}} = ZIE [Xs -1 [Xg=max{Xr}]]
— ;ZE (1, X5 1[Xs = max{X7}]

1
ngE[XS']l[XSEtSH’

Let X5 be the random variable that first draws z <— DY and returns max{0, ¢s(x)}. Assume
the distributions are regular, and refer to (Chawla et al. 2010) for the irregular case. As
ts >0 we get:

E [mox{es@),0}] <Y B lps(a) Llps(a) 2 ts).

. / .
1<—DS 1<—DS
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Observe that the above term for each S is the expected virtual value of the mechanism
that allocates to a bidder with value z if x exceeds ps = inf{z : ps(z) =ts}. This allocation
is achieved by posting a price ps. By Myerson’s payment identity:

E [ps(z)-1ps(z) 2 ts]]= E [ps-Prlz=ps]].

/
I%DS :MfDS

This concludes property 1. Property 2 follows by monotonicity of pg (regularity of DY, for
the irregular case refer to (Chawla et al. 2010)):

Pra;>ps ZPI“SDS > tg] = Zq ds =4
5

O

C. Revenue guarantees for pricing bundles requires a different approach.

Following our results, one natural question that may be raised is, instead of either pricing
items or only the grand bundle, is there a “simple” (or at least, deterministic) scheme for
pricing subsets of items that gets a constant fraction of the optimal revenue? In this section
we briefly establish that a significantly new approach would be required to resolve this
question. Specifically, we provide an example in which the optimal revenue from pricing
subsets is a constant, but in this example our upper bound to the optimal revenue is O(m),
therefore revenue from pricing subsets cannot cover our upper bound up to a constant
factor (and we would need a new upper bound to use as a starting point). This leaves the
following open questions: is there indeed an O(m) gap between the optimal revenue from
pricing subsets and the optimal revenue, or can one come up with a tighter upper bound
to the optimal revenue that proves an o(m) gap between the revenue from pricing subsets
and the optimal revenue.

Example. Consider m items, and a buyer without feasibility constraints (i.e., C = 2l"),
with a valuation defined by the hypergraph representation w distributed by w([i]) =2™""
w.p. 27~ and w([i]) = 0 otherwise. The key property here is that smaller hyperedges
have higher weight with lower probability.

Consider now any scheme which prices bundles. Define p; to be the cheapest price the

buyer can pay in order to purchase sets for which their union contains [i]. Note that p; is
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monotone increasing by definition (for any i’ > ¢, any union of sets that contains [¢'] also
contains [i]).

Let j* be the largest index j such that p; <2-2™77. We prove the following two claims.
CLAIM 1. The buyer will never pay more than 3-2m™~3".

Proof. By definition of j*, it holds that p;- <2- 2m=i" Therefore, the buyer can attain
value from all hyperedges [i] for which ¢ < j* at price p;«. The only hyperedges they might
yet not have value for are the [i] for which ¢ > j*. But the total contribution of all such
hyperedges to the buyer’s value is at most »_,* .. | 2™ = z:o(j*ﬂ) ok < gm=i",
Therefore, the buyer will always prefer the option which costs p;« to receive a superset
of [j*] than even the grand bundle [m] at any price > p;« +2™~9". Therefore, the buyer

will never choose to purchase an option at price > 3-2m7".

O
CLAIM 2. The buyer will only buy something with probability at most 2~ (m=3")+1,

Proof. Let i* be the smallest item for which w([i*]) > 0. Similar to Claim 1, the buyer’s
total value for [m] (i.e., from the hyperedges {[k] : k >i* — 1} ) is strictly less than 277" +1,
If ¢* > j*, ie., i* > j* + 1, then in order to acquire non-zero value, the buyer must
purchase at least at price p;« > pj«yq > om=i" > 9m=i"+1 " and result in negative utility.
Therefore if ¢* > j* then the buyer will purchase nothing.
By the union bound, the probability that i* < j* is

j*
Pr[3i < w((i) £0] < Y27 < om0,

=1

O

As a conclusion of Claims 1 and 2, the optimal revenue from pricing bundles in our
example is at most 3-2m7" . 2-(m=i")+1 — . Moreover, for our example, it is not hard to
see that our benchmark (Corollary 1) is m. Indeed, recall that for the highest value in the
support of a distribution D, Myerson’s virtual value is simply that value. That is, because
all distributions in this example have a single non-zero point mass, the non-negative virtual
value is equal to the value at all points, and therefore our benchmark simply becomes the

expected welfare (which is m).
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Therefore, the optimal revenue from pricing bundles cannot approximate our benchmark,
which implies a substantially different approach is required. We conclude with a proof

sketch that even randomized mechanisms can achieve revenue at best O(1) in this example.
CramM 3. No randomized mechanism can guarantee revenue > 6 for this example.

Proof. [Sketch] To prove the claim, we will define a flow-conserving A for this example
D, and consider the resulting ®* using Corollary 5. The proof below is a “sketch” only
because we do not fully expand all calculations.

Observe that each type can be completely described by an m-long bitstring ¢, with ¢; = 1
iff w([i]) > 0. Consider the following mapping g(-):

e For each bitstring #, let i(f) := min{j, t; = 1}, the smallest index such that ¢; = 1.
Observe that i(f) is well-defined as long as  # 0.

o If i(t) =m, or tii+1 = 1, then define g(t)=0.

e Otherwise, define g(#) := + €i)+1 — €y (swap the coordinates i(t) and i(f) + 1, by
adding the (i(t) +1)** standard basis vector, and subtracting the i(£)"").

We will now define our flow-conserving \ to have ¢ send all of its incoming flow to g().
Observe that there are no cycles in the directed graph defined by ¢(-), and that every type
gets incoming flow from at most one other type. We now want to figure out just how much
flow is sent into each ¢, and then we can compute the corresponding ®*.

So consider any type t. If t; = 1, then ¢ gets no incoming flow from anywhere. If ¢; =0
(and £'# 0), then g~ (%) exists (and is equal to  — €(iy T €i(iy—1)- Observe that the total low
incoming to 7 is equal to the total flow incoming to ¢g~'(#), plus f(g~'()). Observe also
that £ (1)) = F(B)- 222 Indeed, £(B) = (T2 27 ) (T, 1 —279),
while £(g7 (8)) = (IT, -4 27" ) (Lm0 1 =27 0) - 20 - Ty (because
we flip the bits at location () and i(f — 1)).

We now use this to inductively compute the total flow into . Indeed, if ¢; denotes the

ratio of f(g~*())/f(t) when i(t) =1, and d; is such that the flow into # is equal to d; (%),

. . _g9—(m—1)
then we have the recurrence relation: d;, 1 = ¢; + ¢;d;, with ¢; := ;ZE(TH) /2, and base

case d; =0. Our goal is to solve this recurrence for d;.
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Observe that for any choice of ¢;, and d; = 0, this recurrence solves to d;.; :=
22:1 HZ:;‘ cp- So we just need to evaluate this sum of products for our particular definition

of ¢;. To compute this, observe that the product telescopes, so we have:

i 1—92- (m—1) o

_ i+j—1
HCe— 9 (m— g+1)/2 .
=j

Therefore, we also get:

: 9—(m—i)

dijr = ZH@ Zm/

> 22—2‘-{-]'—1 _g-m+j-1
j=1

=1— 277,' o (27m+i o 27m)

9—itj—1

g 1 _ 2—i _ 2—7n+i.

This then defines the following ®*:

‘I’A(f)(S) B ZI(M CS8)-I(ti=1)-2"""~ dzzl(m c9) .1(971@)1. =1).2m7"
= (1—d) Y I([{]C9)-I(t;i=1)- 2"

%

—d,) ZI (] CS)-I(t;=1)-2m"

( —i(£)+1) 4+ m+i(t)— 1 ZI 1)_2m7i.

The first equality simply follows from plugging into the definition of ®*. The second
equality simply rearranges terms. The following inequality follows by observing that I(t; =
1) and I(g~'(#); = 1) differ only on 4(Z) and i(f) — 1. Moreover, if [i(£)] C S, then certainly
[i( f) —1] C S as well, so whenever the positive term is counted, the negative term is counted
as well (but the negative term is larger). The final inequality follows from our lower bound

on d;. The final term is clearly maximized at S = [m], so we have now established that:
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REV(D) < Egf(27 /01 4 27mH0-1) . N " (1, = 1) - 2m]

So our goal is just to upper bound the RHS. To compute this, consider a fixed i. The
probability that ¢; =1 is exactly 2=(™~%)_ The distribution of z(f), conditioned on this, is
that i(t) is equal to j with probability at most 2-(™=7 (for j < i), and () =i with the

remaining probability (it is never >4, because we have conditioned on ¢; = 1). Therefore:

E{[(27i(ﬂ+1 4 27m+i(f>71) i Zl(tz — 1) . 2m71]
< Z 2m—i X 2—(m—i).
<(1 . Z2—(m—j)) . (2—i+1 + 2—m+1’—1) + 22—(m—j) . (2—(j—1) + 2—m+j—1)>

j<i i<i

S Z (2—i+1 +2—m+i—1 +m2l—m+2—2m+2i—1/3)

<2+4+1+2+2/9<6.

Therefore, the optimal revenue for this example, even for randomized mechanisms, is at
best 6.
O
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